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COHOMOGENEITY-ONE G2-STRUCTURES
RICHARD CLEYTON AND ANDREW SWANN
Abstrat. G2-manifolds with a ohomogeneity-one ation of a
ompat Lie group G are studied. For G simple, all solutions with
holonomy G2 and weak holonomy G2 are lassied. The holonomy
G2 solutions are neessarily Rii-at and there is a one-parameter
family with SU(3)-symmetry. The weak holonomyG2 solutions are
Einstein of positive salar urvature and are uniquely determined
by the simple symmetry group. During the proof the equations for
G2-sympleti and G2-osympleti strutures are studied and the
topologial types of the manifolds admitting suh strutures are
determined. New examples of ompat G2-osympleti manifolds
and omplete G2-sympleti strutures are found.
1. Introdution
A G2-struture on a seven-dimensional manifold M is an identia-
tion of the tangent spae with the imaginary otonians. Equivalently,
the geometry is determined by a three-form φ whih at eah point is of
`generi type', in that it lies in a partiular open orbit for the ation of
GL(7,R) (suh forms are `stable' in Hithin's terminology [14℄). The
three-form φ determines a Riemannian metri g and hene a Hodge-star
operator ∗.
If φ and the four-form ∗φ are both losed, then g is Rii-at and
has holonomy ontained in G2. This is one of the two exeptional
holonomy groups in the Berger lassiation (see [2, 6℄). The rst
non-trivial omplete examples were onstruted by Bryant & Salamon
[7℄ and ompat examples have sine been found by Joye (rst in
[15, 16℄ and more reently in [17℄) and by Kovalev [19℄.
If dφ = λ∗φ, for some non-zero onstant λ, then g is an Einstein
metri of positive salar urvature and M is said to have weak holo-
nomy G2. This terminology was rst introdued by Gray [13℄. Many
homogeneous examples are known. For example, eah Alo-Walah
spae SU(3)/U(1)k,ℓ, where U(1)k,ℓ = {diag(e
ikθ, eiℓθ, e−i(k+ℓ)θ)} and
k, ℓ are integers, arries two suh metris (see [8℄). As k and ℓ vary,
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this family inludes innitely many dierent homeomorphisms types.
A lassiation of the ompat homogeneous manifolds with weak ho-
lonomy G2 is given in [11℄.
In this paper we study G2-strutures with a ohomogeneity-one a-
tion of a ompat Lie group G. This means that G ats on M pre-
serving the three-form φ and that the generi orbit on M has dimen-
sion 7 − 1 = 6. We will rst determine the onneted groups G that
an at. Thereafter we study the equations for holonomy and weak
holonomy G2 strutures in the ase that G is simple and determine all
solutions. The simple groups in question are G2, Sp(2) and SU(3). In
eah ase we nd that the weak holonomyG2 solutions are unique; they
are only omplete in the ase with symmetry G2, and here one gets the
round metri on the seven-sphere (and its quotient RP(7)). The lim-
ited number of solutions is in strong ontrast to the homogeneous ase.
For holonomy G2, the solutions for the rst two symmetry groups are
isolated, whereas for SU(3) there is a one-parameter family of solutions.
This family ontains a unique omplete metri, whih turns out to have
U(3)-symmetry. The G2-symmetri solution is at, whereas those with
symmetry Sp(2) and U(3) are the metris found by Bryant & Salamon
[7℄. In private ommuniations, Andrew Daner & MKenzie Wang
and Gary Gibbons & Chris Pope tell us that they have also reently
found the one-dimensional family of triaxial SU(3)-symmetri metris.
Note that by onsidering non-simple symmetry groups new omplete
metris with holonomy G2 have been found by Brandhuber et al. [3℄.
Both weak holonomy and holonomy strutures satisfy d∗φ = 0 and so
are speial examples of osympleti G2-strutures. Any hypersurfae
in an eight-manifold with holonomy Spin(7) arries a osympleti G2-
struture and homogeneous osympleti G2-strutures with symme-
try Sp(2) are behind the new Spin(7)-holonomy examples onstruted
in [10℄. Our approah gives examples of ompat ohomogeneity-one
manifolds with osympleti G2-strutures. By Hithin [14℄ these are
hypersurfaes in manifolds of holonomy Spin(7). It is therefore an in-
teresting question for future work, whih of these Spin(7) metris are
omplete.
The other part of the holonomy G2-equations is dφ = 0. Solutions
to this equation dene what are known as sympleti G2-strutures.
We show that for ohomogeneity-one manifolds with simple symmetry
group, a sympleti G2-struture exist only if the manifold also admits
a holonomy G2 metri.
Aknowledgements. This paper is based on part of the Ph.D. thesis [9℄
of the rst named author written under the supervision of the seond
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European Human Potential Programme.
2. G2-Strutures
Let W be R7 with it usual inner produt g0. Take {v
0, . . . , v6} to be
an orthonormal basis for W and write v01 = v0v1 = v0 ∧ v1, et., in the
exterior algebra Λ∗W ∗. For eah θ ∈ R, we dene a three-form φ(θ)
on W by
φ(θ) = ω0 ∧ v0 + cos θ α0 + sin θ β0, (2.1)
where α0 = v246 − v235 − v145 − v136, β0 = v135 − v146 − v236 − v245 and
ω0 = v12 + v34 + v56.
The Lie group G2 may be dened to be the stabiliser of φ(0) under
the ation of GL(7,R). From this Bryant shows that G2 is a om-
pat, onneted, simply-onneted Lie group of dimension 14 [5℄. The
subgroup of G2 xing v
0
is isomorphi to SU(3). Indeed in the basis
u0 = v0, uk = v2k−1 + iv2k, k = 1, 2, 3, for W ∗ ⊗ C we have
φ(θ) = i
2
(
(u1u¯1 + u2u¯2 + u3u¯3)u0 + e
−iθu1u2u3 − eiθu¯1u¯2u¯3
)
.
Thus φ(θ) = e−iθ/3φ(0) showing that stabilisers of φ(θ) are all onjugate
in SO(7) and that 6g0(v, w) vol0 =
(
v y φ(θ)
)
∧
(
w y φ(θ)
)
∧ φ(θ) is
independent of θ.
Conversely, the Lie group G2 ats transitively on the unit sphere
in R7. A hoie of unit vetor v0, determines a stabiliser isomorphi
to SU(3) and the ation of SU(3) on 〈v0〉
⊥
xes a Kähler form ω0 and
a omplex volume whih may be written as eiθu1u2u3. In this way, we
see that there is an orthonormal basis so that the G2 three-form is φ(θ)
as in (2.1).
A G2-struture on a seven-dimensional manifold M is speied by
xing a three-form φ suh that for eah p there is a basis of W = TpM
so that φp = φ(θ) for some θ. We say that a ompat Lie group G ats
on (M7, φ) with ohomogeneity-one if the G preserves the three-form φ
and the largest G-orbits are of dimension 6. In this ase, B = M/G is
a one-dimensional manifold, quite possibly with boundary. The orbits
lying over the interior of B are all isomorphi to G/K, where K = Kp
is the stabiliser of a p ∈ M with G · p ∈ IntB. We all these orbits
prinipal and any remaining orbits are alled speial. Let G/H be
a speial orbit. Using the ation of G we may assume that H is a
subgroup of K. A neessary and suient for M to be a smooth
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manifold is that for eah speial orbit G/H , the quotient H/K is a
sphere [20℄.
3. Prinipal Orbit Struture
The requirement that G ats onM with ohomogeneity-one preserv-
ing φ implies that the representation of the isotropy group K = Kp
on the tangent spae of a prinipal orbit is as a subgroup of SU(3)
on its standard six-dimensional representation JΛ1,0K ∼= R6. Consider-
ing the Lie algebras only we nd that k must be isomorphi to either
su(3), u(2), su(2), 2 u(1), u(1) or {0}. The possible isotropy repre-
sentations are then the real representations underlying the following
three-dimensional omplex representations: the standard representa-
tion of su(3), the representation L2 ⊕ L¯V of u(2), the representations
S2V and C⊕ V of su(2), the representation L1 ⊕ L2 ⊕ L¯1L¯2 of 2 u(1),
the representation L ⊕ L¯ ⊕ C of u(1) and nally the trivial represen-
tation 3C of {0}. For eah of the non-trivial representations U of a
possible isotropy algebra k the diret sum g = k⊕U happens to de-
termine a unique ompat real Lie algebra. These are, respetively,
g2, sp(2), 3 su(2), su(3) ⊕ u(1), su(3) and 2 su(2) ⊕ u(1). The trivial
representation may be taken to represent either 2 su(2), su(2)⊕ 3 u(1)
or 6 u(1).
If, on the other hand, G/K is any eetive 6-dimensional homoge-
neous spae with K ating on the isotropy representation as a sub-
group of SU(3), then we may pik an invariant Kähler form ω and an
invariant omplex volume form α on G/K and obtain a non-degenerate
three-form on M = R×G/K by dening φ = dt ∧ ω + Re(α).
Theorem 3.1. Let (M7, φ) be a G2-manifold of ohomogeneity-one
under a ompat, onneted Lie group. Then, as almost eetive ho-
mogeneous spaes, the prinipal orbits are one of the following:
S6 =
G2
SU(3)
, CP(3) =
Sp(2)
SU(2)U(1)
, F1,2 =
SU(3)
T 2
,
S3 × S3 =
SU(2)3
SU(2)
=
SU(2)2T 1
T 1
= SU(2)2,
S5 × S1 =
SU(3)T 1
SU(2)
, S3 × (S1)3 = SU(2)T 3, (S1)6 = T 6,
up to nite quotients. Conversely, any ohomogeneity-one manifold
with one of these as prinipal orbit arries a G2-struture.
In this paper we will onsider the ase when G is simple. The prin-
ipal orbits are the rst three ases listed above. The rst of these is
distinguished from the other two in that K ats irreduibly on U .
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4. Irreduible Isotropy
This is the ase when the prinipal orbit is G2 / SU(3). The isotropy
representation is the real module underlying the standard representa-
tion Λ1,0 ∼= C3 of SU(3). Up to sale this admits preisely one invariant
two-form ω and one invariant symmetri two-tensor g0. The spae of in-
variant three-forms is two-dimensional, spanned by α and β. We x the
sales as follows. Set g0 to be the anonial metri on S
6 = G2 / SU(3)
with setional urvature one. Then let ω, α and β be suh that
ω3 = 6 vol0, dω = 3α, ∗0α = β and dβ = −2ω
2
.
Let γ be a geodesi through p orthogonal to the prinipal orbit
G2 / SU(3) and parameterize γ by ar length t ∈ I ⊂ R. Then the
union of prinipal orbits is I ×G2 / SU(3) ⊂ M and there are smooth
funtions f, θ : I → R suh that
g = dt2 + f 2g0, vol = f
6 vol0 ∧dt, (4.1)
φ = f 2ω ∧ dt+ f 3(cos θ α + sin θ β). (4.2)
Note that f(t) is non-zero for eah t ∈ I. Our hoie of sales now
gives
∗φ = 1
2
f 4ω2 + f 3(cos θ β − sin θ α) ∧ dt,
d∗φ = 2f 3
(
f ′ − 4f 3 cos θ
)
ω2 ∧ dt,
dφ =
(
3f 2 − (f 3 cos θ)′
)
α ∧ dt− (f 3 sin θ)′β ∧ dt− 2f 3 sin θ ω2.
We rst onsider the osympleti G2-equations d∗φ = 0 whih are
equivalent to f ′ = cos θ. Loally, these are desribed by the one arbi-
trary funtion θ. Alternatively, one may regard them as determined by
solutions to the dierential inequality |f ′| 6 1.
Geometrially the solutions may be understood as follows. Consider
R8 = W×R with its standard Spin(7) four-form Ω = φ(0)∧v8+∗7φ(0).
As Spin(7) = stab
GL(8,R)Ω ats transitively on the unit sphere in R
8
with stabiliser G2, we see that for any unit vetor N , the three-form
N y Ω denes a G2-struture on 〈N〉
⊥
and that Ω = φ ∧ N ♭ + ∗φ.
As Ω is losed we therefore have Gray's observation that any oriented
hypersurfae H ⊂ R8 with unit normal N arries a osympleti G2-
struture.
The hypersurfae H = {(v, s) ∈ W × R : ‖v‖ = r(s)} is of ohomo-
geneity one under the ation of G2. Its metri is (1 + (dr/ds)
2)ds2 +
r2g0. Reparameterizing so that dt =
√
(1 + (dr/ds)2) ds, we obtain
a metri in the form (4.1) with f(t) = r(s(t)) and hene f ′(t) =
(dr/ds)/
√
(1 + (dr/ds)2). However, this has |f ′(t)| < 1, so we may
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write f ′ = cos θ and we see that loally eah osympleti G2-solution
is given this way away from |cos θ| = 1.
The sympleti G2-equations dφ = 0 imply rst that sin θ ≡ 0. We
then get |cos θ| = 1 and f ′ = cos θ, so suh metris are also osympleti
and have holonomy G2. However, the solutions are simply f(t) =
±t and we get the standard at metri on R7 with its standard G2-
struture.
The equations dφ = λ∗φ for weak holonomy G2 give
λf = −4 sin θ and 4θ′ = −λ.
Thus f(t) = 4
λ
sin (λt/4). The hypersurfae disussion above shows
that this is loally the round metri on S7.
5. Reduible Isotropy: The Equations
Let us begin with the ase of SU(3)-symmetry. The prinipal isotropy
group K = T 2 = S11×S
1
2 ats on the standard representation Λ
1,0 ∼= C3
as L1 + L2 + L¯1L¯2, where Li ∼= C, are the standard representations
of S1i
∼= U(1). Using the isomorphism su(3) ⊗ C ∼= Λ
1,1
0 , we nd
that the isotropy representation is
q
L1L¯2
y
+ JL1L22K + JL21L2K. Eah
irreduible submodule arries an invariant metri gi and sympleti
form ωi, i = 1, 2, 3, but the spae of invariant three-forms has dimen-
sion 2. Identifying T 2 with the diagonal matries in SU(3), we x the
basis
E1 =
1
2
(
0 0 0
0 0 −1
0 1 0
)
, E3 =
1
2
(
0 0 1
0 0 0
−1 0 0
)
, E5 =
1
2
(
0 −1 0
1 0 0
0 0 0
)
,
E2 =
1
2i
(
0 0 0
0 0 1
0 1 0
)
, E4 =
1
2i
(
0 0 1
0 0 0
1 0 0
)
, E6 =
1
2i
(
0 1 0
1 0 0
0 0 0
)
of the tangent spae at the origin and let {e1, . . . , e6} denote the dual
basis. We may now write
g1 = e
2
1 + e
2
2, g2 = e
2
3 + e
2
4, g3 = e
2
5 + e
2
6,
ω1 = e12, ω2 = e34, ω3 = e56,
and nd that
α = e246 − e235 − e145 − e136, β = e135 − e146 − e236 − e245
is a basis for the invariant three-forms. Put vol0 = e123456. As left-
invariant one-forms on SU(3) we have dei(Ej, Ek) = ei([Ej , Ek]). One
may thus show that on SU(3)/T 2 one has
dω1 = dω2 = dω3 =
1
2
α, dα = 0,
dβ = −2(ω1ω2 + ω2ω3 + ω3ω1) and d(ωiωj) = 0.
(5.1)
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Any SU(3)-invariant G2-struture on I × SU(3)/T
2
has
g = dt2 + f 21 g1 + f
2
2 g2 + f
2
3 g3, vol = f
2
1 f
2
2 f
2
3 vol0 ∧dt, (5.2)
where t ∈ I ⊂ R is the ar-length parameter of an orthogonal geodesi
and fi are non-vanishing funtions. Using the equation (X y φ) ∧ (Y y
φ) ∧ φ = 6g(X, Y ) vol and normalisation φ ∧ ∗φ = 7 vol we nd that
the orresponding invariant three-form is
φ = (f 21ω1 + f
2
2ω2 + f
2
3ω3) ∧ dt+ f1f2f3(cos θ α + sin θ β), (5.3)
for some funtion θ(t). The G2-struture now has
∗φ = f 22 f
2
3ω2ω3 + f
2
3 f
2
1ω3ω1 + f
2
1 f
2
2ω1ω2
+ f1f2f3(cos θ β − sin θ α) ∧ dt,
and hene
d∗φ =
(
(f 22 f
2
3 )
′ − 2f1f2f3 cos θ
)
ω2ω3 ∧ dt
+
(
(f 23 f
2
1 )
′ − 2f1f2f3 cos θ
)
ω3ω1 ∧ dt
+
(
(f 21 f
2
2 )
′ − 2f1f2f3 cos θ
)
ω1ω2 ∧ dt,
dφ =
(
1
2
(f 21 + f
2
2 + f
2
3 )− (f1f2f3 cos θ)
′)α ∧ dt
− (f1f2f3 sin θ)
′β ∧ dt
− 2f1f2f3 sin θ (ω1ω2 + ω2ω3 + ω3ω1).
We therefore have that the SU(3)-invariant G2-struture is osymple-
ti if
(f 21 f
2
2 )
′ = (f 23 f
2
1 )
′ = (f 22 f
2
3 )
′ = 2f1f2f3 cos θ. (5.4)
It is G2-sympleti if
(f1f2f3 cos θ)
′ = 1
2
(f 21 + f
2
2 + f
2
3 ) and f1f2f3 sin θ = 0. (5.5)
The equations for weak holonomy G2 are
(f1f2f3 cos θ)
′ = 1
2
(f 21 + f
2
2 + f
2
3 ) + λf1f2f3 sin θ, (5.6a)
(f1f2f3 sin θ)
′ = −λf1f2f3 cos θ, (5.6b)
−2f1f2f3 sin θ = λf
2
1 f
2
2 = λf
2
2 f
2
3 = λf
2
3 f
2
1 . (5.6)
Let us now onsider the ase of Sp(2)-symmetry. The prinipal
isotropy group K = U(1) × Sp(1) ats on the standard representa-
tion E ∼= C4 as E ∼= H + L + L, where H ∼= C2 and L ∼= C
are the standard representations of Sp(1) = SU(2) and U(1) respe-
tively. Using sp(2)⊗C ∼= S2E we nd that the isotropy representation
is JL2K + qHL y. Both of these modules arry an invariant metri gi
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and sympleti form ωi. The spae of invariant three-forms on their
sum is two-dimensional. We give the isotropy representation the basis
E1 =
1
2
(
0 0
0 j
)
, E2 =
1
2
( 0 00 −k ) , E3 =
1
2
√
2
( 0 −11 0 ) ,
E4 =
1
2
√
2
( 0 ii 0 ) , E5 =
1
2
√
2
(
0 j
j 0
)
, E6 =
1
2
√
2
( 0 kk 0 ) .
Then the dual elements {e1, . . . , e6} are suh that {e1, e2} is a basis for
JL2K∗ and {e3, . . . , e6} is a basis for
q
HL
y∗
. We sale gi and ωi so that
g1 = e
2
1 + e
2
2, g2 = e
2
3 + e
2
4 + e
2
5 + e
2
6,
ω1 = e12, ω2 = e34 + e56.
Then
α = e246 − e235 − e145 − e136, β = e135 − e146 − e236 − e245
is a basis for the invariant three-forms. Put vol0 = e123456. Using
the Lie algebra struture of sp(2) one nds that the orresponding
left-invariant forms on Sp(2)/(U(1)× Sp(1)) satisfy
dω1 =
1
2
α, dω2 = α,
dα = 0 and dβ = −2ω1ω2 − ω
2
2.
Proeeding as in the SU(3)-ase one nds that the Sp(2)-invariant
G2-strutures are given by equations (5.2) and (5.3) with f3 ≡ f2.
Computing further, one nds that the equations for these strutures to
be osympleti, sympleti or have weak holonomy G2 are those for
SU(3)-symmetry with f3 ≡ f2. We may therefore treat Sp(2)-symmetry
as if it were a speial ase of SU(3)-symmetry.
6. Solving the Cosympleti G2 Equations
Consider the osympleti G2 equations (5.4). The dierenes of the
dierentials gives that f 2i (f
2
j −f
2
k ) is onstant for any permutation (ijk)
of (123). We may therefore relabel the fi so that f
2
3 > f
2
2 > f
2
1 > 0 for
all t and write
f 21 (f
2
3 − f
2
2 ) = µ
2, f 22 (f
2
3 − f
2
1 ) = ν
2, f 23 (f
2
2 − f
2
1 ) = ν
2 − µ2,
(6.1)
for some onstants ν > µ > 0.
Let us rst deal with two speial ases. If ν = 0, then f 21 = f
2
2 = f
2
3
and we are left with the equation
2f ′1 = ± cos θ.
Up to a fator of 2 this is just the equation obtained for G2-symmetry
in 4. Note that we have |f ′1| 6 1/2.
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If ν > µ = 0, then 2f 22 = f
2
1 +
√
f 41 + 4ν
2
and f ′1 = cos θ (1 +
f 21 /
√
f 41 + 4ν
2)−1, with θ an arbitrary funtion. Note that in this ase
|f ′1| 6 1 and |f
′
2| = |f1 cos θ/2f2| < 1/2.
The general ase is ν > µ > 0. Here f 23 > f
2
2 > f
2
1 > 0 and
Equations (6.1) may be rearranged to give
f 22 + ν
2f−22 = f
2
3 + (ν
2 − µ2)f−23 , (6.2:1)
f 23 − (ν
2 − µ2)f−23 = f
2
1 + µ
2f−21 , (6.2:2)
f 21 − µ
2f−21 = f
2
2 − ν
2f−22 . (6.2:3)
Regarding equations (6.2) as quadrati in f 2i , one sees that the orre-
sponding disriminants are non-negative.
Let ∆(i; j) be the disriminant of (6.2:i) with respet to f 2j . Then
we have
∆1 := ∆(2; 3) =
(
f 21 + µ
2f−21
)2
+ 4(ν2 − µ2)
=
(
f 21 − µ
2f−21
)2
+ 4ν2 = ∆(3; 2)
=
(
f 23 + (ν
2 − µ2)f−23
) (
f 22 + ν
2f−22
)
,
∆2 := ∆(3; 1) =
(
f 22 − ν
2f−22
)2
+ 4µ2
=
(
f 22 + ν
2f−22
)2
− 4(ν2 − µ2) = ∆(1; 3)
=
(
f 21 + µ
2f−21
) (
f 23 − (ν
2 − µ2)f−23
)
,
∆3 := ∆(1; 2) =
(
f 23 + (ν
2 − µ2)f−23
)2
− 4ν2
=
(
f 23 − (ν
2 − µ2)f−23
)2
− 4µ2 = ∆(2; 1)
=
(
f 22 − ν
2f−22
) (
f 21 − µ
2f−21
)
.
The positivity of ∆3 written as ∆(1; 2) implies that f
4
3 −2νf
2
3 +ν
2 > µ2
whih in turns gives either f 23 6 ν − µ or f
2
3 > ν + µ. However,
equation (6.2:2) implies that f 43 > ν
2−µ2 = (ν+µ)(ν−µ) > (ν−µ)2,
so
f 23 > ν + µ.
Also equation (6.2:3) implies that ε = sgn(f 21 − µ) = sgn(f
2
2 − ν) is
well-dened. Using these remarks we an hoose onsistent branhes
of square roots in solving the quadrati equations (6.2). For example
solving (6.2:3) for f 22 and writing the disriminant as a funtion of f
2
1 ,
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we get
(f 21 f
2
2 )
′ = 1
2
(
f 41 + f
2
1
√
∆1 − µ
2
)′
= 2
(
f 41 + f
2
1
√
∆1 − µ
2 + 2ν2
)
f 31 f
′
1/
√
∆1
= 4(f 21 f
2
2 + ν
2)f 31 f
′
1/
√
∆1 = 4f
2
2 f
2
3 f
3
1 f
′
1/
√
∆1.
Doing similar omputations for the other (f 2i f
2
j )
′
and putting the results
in to (5.4) gives
f ′1 =
1
2
f−12 f
−1
3 cos θ
√
∆1
= 1
2
ε23 cos θ
√(
1 + ν2f−42
) (
1 + (ν2 − µ2)f−43
)
, (6.3:1)
f ′2 =
1
2
f−13 f
−1
1 cos θ
√
∆2
= 1
2
ε31 cos θ
√(
1− (ν2 − µ2)f−43
) (
1 + µ2f−41
)
, (6.3:2)
f ′3 =
1
2
εf−11 f
−1
2 cos θ
√
∆3
= 1
2
ε∗12 cos θ
√(
1− µ2f−41
) (
1− ν2f−42
)
, (6.3:3)
where εij = sgn(fifj) and ε
∗
ij = εijε. We may rewrite the right-hand
side of equation (6.3:1) so that it only ontains θ and f1. Then for a
given funtion θ, we get an impliit dierential equation for f1:
f ′1 = ε cos θ
√
Ξ(f1, µ, ν), (6.4)
where
Ξ(f1, µ, ν) =
f 81 + 2(2ν
2 − µ2)f 41 + µ
4
2f 41
(
f 41 + (2ν
2 − µ2) +
√
f 81 + 2(2ν
2 − µ2)f 41 + µ
4
) .
(6.5)
Note that this funtion Ξ(f1, µ, ν) is positive and dereasing with
lim
|f1|→∞
Ξ(f1, µ, ν) =
1
4
.
Alternatively, the struture may be determined by the funtion f1:
Theorem 6.1. Consider a osympleti G2-struture preserved by an
ation of SU(3) of ohomogeneity one. Then the metri is given by
equation (5.2). Arrange the oeients so that f 23 > f
2
2 > f
2
1 . Then
|f ′1| 6
√
Ξ(f1, µ, ν), (6.6)
for some onstants ν > µ > 0.
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Conversely, any smooth funtion f1 satisfying the dierential in-
equality (6.6) gives a osympleti G2-struture with f2 determined by
equation (6.2:3), f3 by equation (6.2:2) and θ by f3 cos θ = (f1f2)
′
.
Note that by resaling and reparameterizing we may rid ourselves of
one of the parameters and, for example, when µ 6= 0 set either µ, ν or
µ+ ν equal to one.
The ase of Sp(2)-symmetry is now obtained by setting either µ = 0
or µ = ν:
Theorem 6.2. Consider a osympleti G2-struture preserved by an
ation of Sp(2) of ohomogeneity one. Then the metri is given by (5.2)
with f3 = f2. The dierene f
2
1 − f
2
2 has onstant sign. If f
2
1 6 f
2
2 ,
then
2f 22 = f
2
1 +
√
f 41 + 4ν
2
and |f ′1| 6
√
f 41 + 4ν
2
f 21 +
√
f 41 + 4ν
2
for some ν > 0. If f 21 > f
2
2 , then
2f 21 = f
2
2 + ν
2f−22 and |f
′
2| 6
√
f 42 + 4ν
2
2f 22
for some ν > 0.
Conversely, any smooth funtions f1 and f2 satisfying the above equa-
tions determine a osympleti G2-struture.
Again, we may resale and reparameterize to obtain ν = 0 or 1.
7. Topology and Boundary Conditions
Let us now turn to disussion of the possible topologies of manifolds
with G2-struture and a ompat simple symmetry group G ating
with ohomogeneity one. General referenes for the ohomogeneity-one
situation may be found in [1, 4℄.
Let M be a manifold of ohomogeneity-one under G with prinipal
isotropy group K and base B = M/G. The possible topologies for B
are homeomorphi to either R, S1, [0,∞) or [0, 1]. In the rst ase,
M is homeomorphi to the produt R×G/K and an invariant tensor τ
onM is smooth if and only if τ is smooth onsidered as a funtion from
R to the spae of K-invariant tensors on the isotropy representation of
the prinipal orbit.
When the base is a irle, the total spae M is homeomorphi to a
quotient
R×h G/K,
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where (t, gK) is identied with (t + 1, ghK) for some element h ∈
NG(K), the normaliser of K in G. Given h and h
′
in NG(K), these
determine the same manifold if hK = h′K and they determine equiv-
ariantly dieomorphi manifolds if they satisfy fhf−1 = h′ for some
f ∈ NG(K). For the prinipal orbits in question this translates into
periodiity requirements orresponding to the dierent orders of the
elements of NG(K)/K. An invariant tensor τt must satisfy
h∗τt = τt+1
to be well-dened.
When the base is a half-open interval, the end-point is the image of
a speial orbit with isotropy group H , where H/K is dieomorphi to
a sphere Sm ⊂ V ≃ Rm+1 for some representation V of H . The total
spae M is then dieomorphi to the vetor bundle
M ∼= G×H V → G/H.
We note that if x ∈ Sm has isotropy K and h ∈ H satises h · x = −x
then h denes an element hK ∈ NG(K)/K of order 2. Conversely,
any non-trivial element hK of NG(K)/K of order 2 denes a subgroup
H ⊂ G with H/K a sphere by taking H = K ∪ hK. An invariant
tensor τt on M must now satisfy
h∗τt = τ−t
if it is smooth. This requirement is in general only suient when
H/K ∼= Z2. If H/K has positive dimension, a metri two-tensor
on M0 = M \ π
−1({0}) extends to a smooth metri on M under
the following two onditions. Firstly, the indued metri gt(H/K) on
(0,∞)×H/K ⊂M0 should satisfy
gt(H/K) = dt
2 + f 2(t)g0,
where g0 is the standard metri on the sphere with setional urvature
one and f is an odd funtion with |f ′(0)| = 1. Seondly, gt(X,X)
should be positive everywhere for Killing vetor elds indued by el-
ements of h⊥ ⊂ g. For the ases we onsider, a G2-struture on M0
dened by a three-from φ extends to a smooth G2-struture on M if
and only if h∗φt = φ−t and the metri dened by φ extends to a smooth
metri on M , see 10.
Finally, onsider the situation where B is a losed interval. Let
π : M → B be the projetion. Then the subspaes M0 = π
−1[0, 1) and
M1 = π
−1(0, 1] are dieomorphi to vetor bundles G×Hi Vi → G/Hi,
where Hi ats transitively on the unit sphere in Vi with isotropy K.
Given G, K, H0 and H1, the possible dieomorphism types of M with
prinipal isotropy group K and speial isotropy groups H0 and H1 are
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parametrized by the double oset spae N0\NG(K)/N1, where Ni :=
NG(K)∩NG(Hi). These double osets orrespond to the dierent equi-
variant identiations we may make of M0 \ π
−1{0} with M1 \ π−1{1}.
The boundary onditions on tensors in this ase are obtained from
those for the ase of one singular orbit by onsidering their restritions
to the half-open intervals.
We will employ the following notation for spaes of of ohomogeneity-
one with speial orbits. When the base M/G is homeomorphi to the
half-open interval we write M = [G/H | G/K ) where G/H is the
speial orbit over the end point and G/K is the prinipal orbit. When
the base is a losed interval we write M = [G/H0 | G/K | G/H1 ].
We now turn to more detailed onsideration of our partiular prin-
ipal orbit types.
8. Solutions: Irreduible Isotropy
This is the ase of symmetry G2 with prinipal orbit G2 / SU(3). The
normaliser of SU(3) is
N
G2(SU(3)) = SU(3)
⋃
D7 SU(3)
where D7 = diag (−1, 1,−1, 1,−1, 1,−1). To eah of the two elements
ofN
G2(SU(3))/ SU(3) orresponds a quotient R×hG2 / SU(3) with base
dieomorphi to a irle.
There are preisely two speial orbit types: RP(6) = G2 /NG2(SU(3))
and a point {∗} = G2 /G2. To these orrespond rstly two spaes with
base homeomorphi to [0,∞). The rst is the anonial line bundle
over RP(6), the seond is R7 viewed as a 7-dimensional vetor bundle
over a point.
There are three spaes with B = [0, 1] orresponding to the three
possible hoies of two speial orbits. If both speial orbits are points
the spae in question is S7; when one is a point and the other is RP(6)
the spae is dieomorphi to RP(7); and when both are RP(6) we
obtain the onneted sum RP(7)#RP(7). The orresponding double
oset spaes have preisely one element and therefore there is only one
dieomorphism type in eah ase. The ation of D7 on the invariant
tensors of S6 is
D∗7(g0, ω, α, β) = (g0,−ω,−α, β).
As a onsequene D∗7 vol0 = − vol0. In partiular, the spae R ×D7 S
6
is not orientable and therefore annot arry a G2-struture.
When M has a speial orbit with isotropy G2 at t = 0 the metri
gt extends to a smooth metri on a neighbourhood of the speial orbit
if and only if the funtion f is odd with |f ′(0)| = 1. The requirement
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M7
Holonomy & Weak
Cosympleti
Sympleti Holonomy
S7 None Complete Complete
RP(7) None Complete Complete
RP(7)#RP(7) None None Complete
S1 × S6 None None Complete
R×D7 S
6
No G2 struture
[RP(6) | S6 ) None None Complete
R7 Complete Inomplete Complete
R× S6 Inomplete Inomplete Complete
Table 1. G2 solutions with symmetry G2.
D∗7φt = φ−t now implies that sin θ is odd and cos θ is even around t = 0.
If, on the other hand, the speial orbit at t = 0 is RP(6), then f must
be even and non-zero everywhere for the metri to extend smoothly.
In that ase cos θ must be even and sin θ odd.
Now onsider the osympleti equations. One solution is given by
f ≡ c, where c is a positive onstant, and θ ≡ 0. This solution satises
the boundary onditions for [RP(6) | S6 | RP(6) ] and [RP(6) | S6 ),
as well as the periodiity requirement for R×e S
6 = S1 × S6.
The unique solution to the sympleti equation satises the boundary
onditions only for R7 = [ ∗ | S6 ). The weak holonomy solutions
f(t) = 4λ−1 sin(λt/4) are smooth on S7 = [ ∗ | S6 | ∗ ] for t ∈ [0, 4π/λ]
and on RP(7) = [ ∗ | S6 | RP(6) ] for t ∈ [0, 2π/λ]. Dierent hoies of
λ sale the metri by a homothety.
Theorem 8.1. Let M7 be a manifold with G2-struture preserved by
an ation of G2 of ohomogeneity one. Then the prinipal orbit is
G2 / SU(3) and M
7
is listed in Table 1. The sympleti G2, holo-
nomy G2 and weak holonomy G2 solutions are unique up to sale. The
rst two are at, the last has onstant urvature.
9. Solutions: Reduible Isotropy
We rst onsider the instane of SU(3)-symmetry; that for Sp(2) will
then follow relatively easily. The prinipal orbits are SU(3)/T 2 and the
normaliser of T 2 in SU(3) is
N
SU(3)(T
2) =
⋃
σ∈Σ3
AσT
2,
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where Σ3 is the symmetri group on three elements and
A(123) =
(
0 0 1
1 0 0
0 1 0
)
, and A(23) =
( −1 0 0
0 0 1
0 1 0
)
.
Therefore there are three spaes R×AσF1,2 over the irle orresponding
to A(23), A(123) and e.
There are two speial orbit types: CP(2)1 = SU(3)/U(2)(23) and
F(23) = F1,2/A(23) = SU(3)/(T
2∪A(23)T
2), where U(2)(23) is the U(2) ⊂
SU(3) ontaining T 2 ∪ A(23)T
2
. Corresponding to these there are two
spaes with base homeomorphi to the half-open interval.
The double oset spaes N0\N
SU(3)(T
2)/N1 all have two omponents.
Therefore we have six dierent ohomogeneity-one spaes with the
losed interval as base. When both speial orbits are omplex pro-
jetive spaes, we may write the spae from the trivial double oset
as [CP(2)1 | F1,2 | CP(2)1 ] and that from the non-trivial double oset
as [CP(2)1 | F1,2 | CP(2)2 ], where CP(2)2 = SU(3)/U(2)(13). We use
similar notation in the other ases.
Now onsider in turn the ations of the elements A(23) and A(123).
The element A(23) ats with order 2 and transforms the SU(3)-invariant
tensors of F1,2 as
A∗(23)(g1, g2, g3, ω1, ω2, ω3, α, β) = (g1, g3, g2,−ω1,−ω3,−ω2,−α, β).
This implies that the manifoldR×A(23)F1,2 annot arry a G2-struture.
It also leads to boundary onditions on the metri and three-form for
the two types of speial orbit. For speial orbit CP(2)1 these translate
into
f1 and sin θ are odd funtions,
cos θ is an even funtion,
f 22 (t) = f
2
3 (−t), |f
′
1(0)| = 1 and f2(0) 6= 0.


Those for the speial orbit F(23) are
f1 and sin θ are even funtions,
cos θ is an odd funtion,
f 22 (t) = f
2
3 (−t), and f1(0) 6= 0 6= f2(0).


Note that in both ases the produt f2f3 is even.
The ation of A(123) on the invariant tensors of F1,2 is
A∗(123)(g1, g2, g3, ω1, ω2, ω3, α, β) = (g2, g3, g1, ω2, ω3, ω1, α, β)
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whene the periodiity onditions on R ×A(123) F1,2 state that f
2
1 (t) =
f 22 (t+ 1) = f
2
3 (t+ 2). Note that the tensors
g0 = g1 + g2 + g3, ω0 = ω1 + ω2 + ω3, α and β
all are invariant under
T (123) =
⋃
σ even
AσT
2. (9.1)
Therefore F(123) = SU(3)/T
(123)
is a seond possible prinipal orbit for
symmetry SU(3). It is not hard to hek that A(123) generates the
only possible nite ation on the prinipal orbits that preserves an
SU(3)-invariant G2-struture. The normaliser of T
(123)
in SU(3) is of
ourse T (123) ∪A(23)T
(123)
and A(23) ats on the invariant tensors as
A∗(23)(g0, ω0, α, β) = (g0,−ω0,−α, β).
For the prinipal orbit F(123), the analysis is now the same as for the
ase of G2-symmetry disussed in the previous setion.
Returning to prinipal orbit F1,2 we see that taking f1 = f2 = f3 ≡ c,
with c a positive onstant, and θ ≡ 0 solves the SU(3)-symmetri
osympleti equations as well as the periodiity requirement on S1 ×
F1,2 and R ×A(123) F1,2 and the boundary onditions on [F(23) | F1,2 ),
[F(23) | F1,2 | F(23) ] and [F(23) | F1,2 | F(13) ].
Consider the osympleti G2-equations together with the boundary
onditions for either [CP(2)1 | F1,2 | CP(2)2 ] or [CP(2)1 | F1,2 | F(13) ].
From (6.1), we have that two of the three onstants µ, ν and ν2 − µ2
must be zero. But this implies that the third onstant is also zero and
that f 21 = f
2
2 = f
2
3 . The boundary onditions now give that f1 is both
even and odd at t = 0 whih learly an not be the ase. Thus these
spaes do not arry invariant osympleti G2-strutures.
Finally, let us onsider the osympleti equations on [CP(2)1 | F1,2 |
CP(2)1 ] and [CP(2)1 | F1,2 | F(23) ]. Solutions on these spaes an be
obtained by as follows. Set
dθ = (1 + sin2 θ)1/4dt,
and determine the remaining funtions via equation (6.4). The metri
is then
g = (1 + sin2 θ)−1/2
(
dθ2 + sin2 θg1 + (1 + sin
2 θ)(g2 + g3)
)
and the three-form is
φ = (1 + sin2 θ)−3/4
((
(sin2 θ ω1 + (1 + sin
2 θ)(ω2 + ω3)
)
dθ
+ sin θ(1 + sin2 θ)(cos θ α + sin θ β)
)
.
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M7
Holonomy & Weak
Cosympleti
Sympleti Holonomy
[CP(2)1 | F1,2 | CP(2)1 ] None None Complete
[CP(2)1 | F1,2 | CP(2)2 ] None None None
[CP(2)1 | F1,2 | F(23) ] None None Complete
[CP(2)1 | F1,2 | F(13) ] None None None
[F(23) | F1,2 | F(23) ] None None Complete
[F(23) | F1,2 | F(13) ] None None Complete
S1 × F1,2 None None Complete
R×A(23) F1,2 No G2 struture
R×A(123) F1,2 None None Complete
[CP(2)1 | F1,2 ) Complete None Complete
[F(23) | F1,2 ) None None Complete
R× F1,2 Inomplete Inomplete Complete
[FΣ | F(123) | FΣ ] None None Complete
[FΣ | F(123) ) None None Complete
S1 × F(123) None None Complete
R×A(23) F(123) No G2 struture
R× F(123) Inomplete Inomplete Complete
Table 2. G2 solutions with symmetry SU(3). Here
Fσ = F1,2/Aσ and FΣ = F1,2/Σ3.
With θ ∈ [0, π] these solve the osympleti equations and the bound-
ary onditions for [CP(2)1 | F1,2 | CP(2)1 ]. Restriting θ to [0, π/2] we
also get a solution on [CP(2)1 | F1,2 | F(23) ].
This ompletes the disussion of the osympleti equations under
SU(3)-symmetry. We will return to the holonomy and weak holonomy
equations after disussing the symmetry group Sp(2).
Theorem 9.1. Let M7 be a manifold with G2-struture preserved by
an ation of SU(3) of ohomogeneity one. The prinipal orbit is either
F1,2 = SU(3)/T
2
or its Z3-quotient F(123) = SU(3)/T
(123)
, see (9.1).
The possible M7 are listed in Table 2 together with information on the
existene of osympleti G2-strutures.
The topologial analysis in the ase of Sp(2)-symmetry is very similar
to the G2 ase for the simple reason that the normaliser of U(1) Sp(1)
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M7
Holonomy & Weak
Cosympleti
Sympleti Holonomy
[S4 | CP(3) | S4 ] None None Complete
[S4 | CP(3) | C ] None None Complete
[C | CP(3) | C ] None None Complete
S1 × CP(3) None None Complete
R×D2 CP(3) No G2 struture
[S4 | CP(3) ) Complete None Complete
[C | CP(3) ) None None Complete
R× CP(3) Inomplete Inomplete Complete
Table 3. G2 solutions with symmetry Sp(2). Here C
denotes CP(3)/Z2.
again has two omponents:
N
Sp(2)(U(1) Sp(1)) = U(1) Sp(1)
⋃
D2U(1) Sp(1),
where D2 =
(
j 0
0 1
)
. Therefore we have two possible spaes R×h CP(3)
with base a irle, and two possible speial orbit types:
S4 = HP(1) =
Sp(2)
Sp(1)× Sp(1)
,
C = CP(3)/Z2 =
Sp(2)
N
Sp(2)(U(1) Sp(1))
.
Let us now onsider the ation of D2 on the invariant tensors of
CP(3):
D∗2(g1, g2, ω1, ω2, α, β) = (g1, g2,−ω1,−ω2, α,−β)
This means that the boundary onditions are preisely those for SU(3)-
symmetry with f2 ≡ f3. In partiular the ompat, omplete solutions
to the osympleti equations found for SU(3)-symmetry also give so-
lutions for Sp(2)-symmetry. The results of the analysis in this ase
may be found in Table 3. Note that the existene of an invariant
G2-struture implies that the only possible prinipal orbit is CP(3).
Let us now turn to the weak holonomy equations, rstly for SU(3).
Equations (5.6) and (6.1) imply that f 21 = f
2
2 = f
2
3 and that fi =
−εjk2λ
−1 sin θ. Equations (5.6a) and (5.6b) are now
(θ′ + 4λ) sin2 θ (4 cos2 θ − 1) = 0,
(θ′ + 4λ) sin3 θ cos θ = 0.
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As fi is non-zero on the prinipal orbits, we get that θ
′ = −4λ. We
dedue that we have the same behaviour for Sp(2)-symmetry.
Theorem 9.2. Up to sale, the spaes (0, π/2) × G/K, with G/K =
F1,2, F(123) or CP(2) admit unique strutures with weak holonomy G2
invariant under the ation of SU(3) or Sp(2). The metri and three-
forms are
g = 4dθ2 + sin2 θ g0,
φ = sin2 θ (ω0 ∧ dθ + sin θ (cos θ α + sin θ β)),
where g0 =
∑
i gi and ω0 =
∑
i ωi. These strutures are inomplete and
do not extend over any speial orbits.
Next we disuss the holonomy solutions. The seond equation in (5.5)
implies that sin θ ≡ 0. Let εθ = cos θ. Then the osympleti equa-
tions (5.4) show that the rst equation in (5.5) is automatially satis-
ed. We thus have that f1 satises the dierential equation
f ′1 = εθ
√
Ξ(f1, µ, ν),
where Ξ is dened in (6.5). As Ξ(f1, µ, ν) > 1/4, we have that |f1| >
1
2
t + c and so any omplete solution has exatly one speial orbit and
f1 vanishes on that orbit.
If ν = 0 then f 21 = f
2
2 = f
2
3 =
1
4
t, whih does not satisfy any of the
boundary onditions for symmetry SU(3) or Sp(2).
We may now take ν > 0 and introdue the parameter hange r(t)2 =
f 21 (t)f3(t)
2
, with r(t) > 0. Then |r′| = |(f1f3)′| = |f2| is stritly posi-
tive. Using (5.4) and (6.1), we get
f 21 = r
√
(r2 − µ2)/(r2 + ν2 − µ2),
f 22 = r
−1√(r2 − µ2)(r2 + ν2 − µ2),
f 33 = r
√
(r2 + ν2 − µ2)/(r2 − µ2)
and
dt2 = r dr2/
√
(r2 − µ2)(r2 + ν2 − µ2).
These are `triaxial' metris with holonomy G2 and SU(3)-symmetry.
To be omplete there must be a speial orbit. This requires f1 = 0
and f2, f3 6= 0 at t = 0. The rst ondition implies r(0)
2 = µ2, the
seond gives µ = 0. Thus this solution has f 22 (t) = f
2
3 (t), whih is
the metri found by Bryant & Salamon on the bundle of anti-self-dual
two-forms over CP(2) [7℄. This solution also denes a struture with
Sp(2)-symmetry.
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Theorem 9.3. The spae R × F1,2 admits a one-parameter family of
holonomy G2 metris with SU(3)-symmetry. Only one metri extends
to a omplete metri, and the underlying manifold is [CP(2)1 | F1,2 ),
the bundle of anti-self-dual two-forms over CP(2).
The spae R × F(123) admits a unique inomplete metri with holo-
nomy G2 invariant under SU(3).
The spae R×CP(3) admits two metris with holonomy G2. One is
inomplete, the other extends to a omplete metri on [S4 | CP(3) ),
the bundle of anti-self-dual two-forms over S4.
Remark 9.4. As Andrew Daner pointed out to us the substitutions
dt = f1f2f3 ds and wi = fjfk for eah even permutation (ijk) of (123)
redue the SU(3)-symmetri holonomy G2-equations to Euler's equa-
tions for a spinning top. These equations may then be solved by ellipti
integrals. However, as this is no longer an ar-length parameterization,
one now has to work harder to determine questions of ompleteness.
Finally we onsider the equations (5.5) for a sympleti G2 struture
with symmetry SU(3). We have sin θ = 0. Put εθ = cos θ and set
h3 = f1f2f3, x = f
−2
2 h
2
and y = f−23 h
2,
so x and y are positive. Equations (5.5) then give
6 εθh
′ = xy +
1
x
+
1
y
. (9.2)
On (0,∞)2, the right-hand side has a global minimum at (1, 1) and so
|h′| > 1/2. This implies that there are no periodi solutions and that
any omplete solution has exatly one speial orbit. As f2f3 is even, we
also see that f1 vanishes at the speial orbit. Therefore we have exatly
the same topologies as for holonomy G2. Note however that there are
more solutions to the sympleti equations than for holonomy G2. A
partiularly simple example of this is furnished by setting f1(t) = t,
f 22 (t) = 1 + (t/2)
2
and f2 ≡ f3. Complete triaxial solutions may be
obtained as follows: begin with the omplete U(3)-symmetri metri
with holonomy G2; hold h xed, make a smooth deformation of x
on [1,∞) and determine the orresponding deformation of y by (9.2).
Proposition 9.5. Let M7 admit a G2-struture whih is preserved by
a ohomogeneity-one ation of a ompat simple Lie group. Then M7
admits an invariant sympleti G2-struture if and only ifM
7
admits an
invariant metri with holonomy G2. Similarly, omplete sympleti G2-
strutures only exist on manifolds with omplete G2 holonomy metris.
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10. Smoothness of the Three-form
In this setion we will briey indiate how to hek that the three-
form φ is smooth one we have h∗φt = φ−t and smoothness of the
metri g. The only ase where signiant work is required is that of
speial orbit CP(2) under SU(3)-symmetry. The ase of speial orbit S4
under Sp(2)-symmetry follows by similar arguments.
The manifold [CP(2) | F1,2 ) is SU(3)-equivariantly isomorphi to
the bundle of anti-self-dual two-forms Λ2− over CP(2). Bryant & Sala-
mon [7℄ showed how to onstrut holonomy G2 metris on Λ
2
−, but
they did not write down the general SU(3)-invariant three-form be-
ause they treated all four-manifolds at one. In the following, we
speialise Bryant & Salamon's approah in the style of [21℄.
If we write CP(2) = SU(3)/U(2), then P = SU(3) is a prinipal
bundle of frames with struture group U(2) = U(1)×Z/2 Sp(1). Under
the ation of U(2), we have Λ1,0 ∼= HL+ L¯2, where L ∼= C and H ∼= C2
are the standard representations of U(1) and Sp(1), respetively. This
may be regarded as an identiation not only of representations but
also of bundles over CP(2), if to a representation V of U(2) we assoiate
the bundle, also denoted V ,
P ×
U(2) V,
whih is P × V modulo the ation (u, ξ) 7→ (u · g, g−1 · ξ). We then
have Λ2− = S
2H ∼= ImH. Let θ = θ0 + θ1i + θ2j + θ3k ∈ Ω
1(P,H) be
the anonial one-form. Write η = η1i + η2j + η3k ∈ Ω
1(P, ImH) for
the sp(1)-part of the U(2) Levi-Civita onnetion. As the Fubini-Study
metri is self-dual and Einstein one nds that
dη + η ∧ η = cθ¯ ∧ θ
for some positive onstant c (a positive onstant multiple of the salar
urvature). If x = x1i + x2j + x3k is the oordinate on ImH then let
r2 = xx¯ = −x2. The one-form
α = dx+ ηx− xη
is semi-basi on P × S2H . One may now hek that
ω1 = r
−3
αxα,
ω2 = 4c(r
−1
θxθ¯ + θ¯iθ),
ω3 = 4c(r
−1
θxθ¯ − θ¯iθ),
α = −4c(r−1θαθ¯ + r−3θxαxθ¯),
β = −4cr−2θ(αx− xα)θ¯
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satisfy the equations (5.1) and hene dene the required invariant forms
on Λ2−.
To determine whether a partiular form φ given by (5.3) is smooth
on Λ2−, onsider the pull-bak of φ to P × S
2H . There smoothness
redues to a question of smooth forms on S2H = R3. Writing these
forms in terms of dx1, dx2 and dx3 one now applies the results of
Glaeser [12℄, see also [18℄, to determine the onditions for the oe-
ients to be smooth. One g is smooth and h∗φt = φ−t one nds that
there are no extra onditions.
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